Abstract: In this paper, we prove some continuous and compact embedding theorems for weighted Sobolev spaces, and both consider a general frame work and spaces of radially symmetric functions. In particular, we obtain some priori Strauss-type decay estimates. Based on these embedding results, we prove the existence of ground state solutions for a class of quasilinear elliptic problems with potentials unbounded, decaying and vanishing.
Introduction
In this paper, we consider the following quasilinear elliptic problems
|u(x)| → 0, as |x| → ∞, (1.1) where N > 2, 1 < p ≤ N, − p u = −div(|∇u| p−2 ∇u), V (x) and K(x) are nonnegative measurable functions, and may be unbounded, decaying and vanishing.
Recently, these type elliptic equations have been widely studied. As p = 2, if V (x) and K(x) satisfied where 0 < α < 1, β > (1 − α)(N − q( N 2 − 1)), Ambrosetti, Felli and Malchiodi ( [4] ), Ambrosetti, Malchiodi and Ruiz ( [5] ) obtained the ground and bound state solutions for the problem (1.1). In fact, the condition (1.3) implies that V (x) tends to zero at infinity. In particular, when the potentials V (x) and K(x) are neither bound away from zero nor bounded from above, Bonheure and Mercuri ( [7] ) proved the existence of the ground state solution for the problem (1.1), and obtained the decay estimates by using Moser iteration scheme. For the radially symmetric space D unbounded and decaying.
For p = 2, to the best of our knowledge, it seems to be little work. do,Ó and Medeiros ( [11] 5) and proved some embedding results of weighted Sobolev space for radially symmetric function, and obtained the existence of ground and bound state solutions for the problem (1.5).
In this paper, for the general potentials V (x) and K(x) allowing to be unbounded or vanish at infinity, we obtain some necessary and sufficient conditions about some continuous and compact embeddings for the weighted Sobolev space. Based on variational methods and some compact embedding results, we obtain the existence of ground and bounded state solutions for the problem (1.1). On the other hand, for the radial potentials V (|x|) and K(|x|), in ( [13] ) various conditions have been considered for V (|x|), K(|x|) ∼ |x| α with α ∈ R. Our first purpose is to consider V (|x|) and K(|x|) whose behaviour can be described by a more general class of function. Furthermore, we obtain some prior Strauss-type decay estimates, and some continuous and compact embedding results for the radial symmetric weighted Sobolev space. The results then are used to obtain ground and bound state solutions for the problem (1.5).
It is worth pointing out that, we provided here an unified approach what conditions should the potentials V (x) and K(x) satisfy so that the problem (1.1) and the problem (1.5) have ground and bound state solutions respectively. We extend the results in ( [13] ) to a large class of weighted Sobolev embedding, and obtain some new embedding theorems for the general potentials and radially symmetric potentials.
The paper is organized as follows. In Section 2, we collect some results. In Section 3, we obtain some embedding results for the general potentials. In Section 4, we focus on radially symmetric potentials and prove the continuous and compact embeddings. Section 5 is devoted to the existence of ground and bound state solutions for the problem (1.1) and the problem (1.5) respectively.
Preliminaries
In this section, let C ∞ 0 (R N ) denote the collection of smooth functions with compact support.
is the corresponding subspace of radial
Define for p ≥ 1 and q ≥ 1.
, which is a Banach space under the uniformly convex norm
Now, we state some Hardy inequalities.
where B R (0) the ball in R N centered at 0 with radius R, B c R (0) denotes the complement of B R (0).
In this section, we derive a tool giving the embedding results on a piece of the partition. We consider the possible relation between the behaviour of V (x) and K(x).
Lemma 3.1 Let Ω ⊂ R N be smooth possibly unbounded and
and
then the embedding
is continuous;
and ∀ε > 0, ∃R ε > 0 such that
is compact.
By Hölder inequality and
where
Since p * is the critical Sololev exponent, by Sobolev embedding theorem, we have
.
Hence, we obtain that the embedding W
arguing as in the proof of (3.1), by the compact embedding of D
Hence, we have
On the domain Ω\B Rε , since
Combining (3.2) and (3.3), we have
Hence, we obtain that W
is compact. Now, we state our main theorem in this section.
Consider a finite partition
N and Ω i is unbounded.
Theorem 3.2 If condition (H) is satisfied for any
Proof a) Arguing as the proof of a) in Lemma 3.1, we obtain
then we have
Arguing as the proof of b) in Lemma 3.1, when
By (3.5) and the local compactness in B Ri,ε , we obtain that
Hence, we have W
, and q + 1 ≤ p * , and q + 1 < p * , we obtain the standard local Sobolev embedding.
2) Let p = 2, we obtain that if
This has already obtained in ( [6] ).
Embedding theorem for radially symmetric function space
Assume that V (|x|) and K(|x|) are radia weights. In ( [13] ), Su, Wang and Willem considered for potentials V, K ∼ r α with α ∈ R, and obtained some embedding theorems. In this section, we extend some results in ( [13] ) to a more general class of functions for r → +∞, 0 + . In particular, we also obtain some embedding theorems for the Sobolev space W Following ( [16, 17] ), we shall refer to this class as the Hardy-Dieudonne comparsion class. Define
Then we take the set of all the finite products
Since C 1 (+∞) is not closed with respect to the operation f → exp f , we consider
The process can be iterated, we have as follows. 
Now, we define the following two radially symmetric Sobolev spaces
a.e. in (0, r 0 ).
2) p(N − 1)(V ∞ (r)) + (p − 1)rV ∞ (r) ≥ 0, for r > r ∞ , then there exists C > 0, such that
a.e. in (r ∞ , +∞). 
holds.
2) p(N − 1)(V 0 (r)) + (p − 1)rV 0 (r) < 0, for r > r ∞ , and V
Proof a), 1) By density, it is enough to prove it for u ∈ D(R N ) with support in B γ0 . We have
By Hölder inequality and (4.1), there exists C > 0, such that
where ω N the volume of the unit sphere in R N .
On the other hand, p(N − 1)(V 0 (r)) + (p − 1)rV 0 (r) > 0, for 0 < r < r 0 . By a simple computation, we
Combining (4.5) and (4.6), we have
2) By density, it is enough to prove it for u ∈ D(R N ) with support in B c R∞ , we have
By a similar computation as for (4.5) and(4.6), we have
, and this yields (4.4).
By Hölder inequality and Lemma 2.1, we have
Similarly, we have
Combining (4.5), (4.7) and (4.8), we obtain that (4.3) holds.
, we can argue as in the above proof.
Let p = N , we consider the Sobolev space W 
Proof a) Arguing as in the proof of 2) of a) in Lemma 4.2. By Hölder inequality and Lemma 2.3, we have
On the other hand, we have
(4.10)
Combining (4.9) and (4.10), we obtain
b) Similarly, we can argue as in the proof of a) in Lemma 4.3.
Remark 4.4
1) The previous estimates should be compared with Lemma 1 in ( [13] ),
2) Our results extend Lemma 4 and Lemma 5 in ( [13] ), and we obtain the general Strauss-type decay estimates;
3) Under the conditions of Lemma 4.2 and Lemma 4.3, we obtain these exist two comparison functions
Now, we state our main embedding theorems in this section.
a) If 1 < p < N , and p ≤ q + 1 < ∞,
By Lemma 2.2, we obtain
, arguing as previously, similarly we obtain
, by (4.11) and conditions (V) and (K), we obtain
. By Hölder inequality and Lemma 2.3, we
From Lemma 6 in ( [13] ), we have:
Under the conditions of Theorem 4.5, for 0 < r < R < ∞ and R 1, then the embedding
Now, we prove that the embedding W
Assume for the contrary that S(V, K) = 0, then there exists {u n } ⊂ W
But from (4.12) and (4.13), or (4.14) and (4.15), or (4.16) and (4.17), and (4.18), let r ∞ large enough, we
which yields a contradiction.
Theorem 4.6 If V (x) and K(x) are nonnegative measurable functions satisfying (V) and (K).
Proof a) Arguing as the proof of a) and b) of Theorem 4.5, we obtain that there exists ε > 0, Proof Now, we define the functional I(u) on the Sobolev space W 1,p V (R N ),
It is obvious that the critical point of the functional I(u) is exactly the weak solution of the problem (1.1). The existence of ground state solution follows from the compact embedding W 1,p
immediately.
Further, consider the problem (1.5) with radially symmetric potentials 
